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ABSTRACT 

We study global regularity properties of Sobolev homeomorphisms on n-dimensional Rie- 
mannian manifolds under the assumption of p-integrability of its first weak derivatives in degree 
' p > n — 1. We prove that inverse homeomorphisms have integrable first weak derivatives. For 

■ the case p > nwe obtain necessary conditions for existence of Sobolev homeomorphisms between 
PsJ , manifolds. These necessary conditions based on Poincare type inequality: 

§ : inf ||n - c I Loo(M)|| <K\\u\ LI{M)\\. 

' As a corollary we obtain the following geometrical necessary condition: 

// there exists a Sobolev homeomorphisms ip : M ^ M' , ip € Wp{M, M'), p > n, J(x, ip) ^ 

■ a. e. in M , of compact smooth Riemannian manifold M onto Riemannian manifold M' then 
, the manifold M' has finite geodesic diameter. 

S2 ' Introduction 

Let D and D' be open subsets of Euclidean space M". The classic inverse function 
^ I theorem implies: Suppose that a homeomorphism (p : D ^ D' belongs to class C^{D), 

■ k > 1, and for any point x & D its differential Dip{x) : M" is an isomorphism. 
'nI" . Then the inverse mapping (f^^ : D' ^ D belongs to the same class C^{D'). Here C^{D) 
^ . is the vector space of fc-times continuously differentiable mappings. 

\ If a homeomorphism ip does not have classic derivatives at all points of the problem 

becomes more difficult. In this case the problem can be reformulated in the terms of 
weakly differentiable mappings and Sobolev spaces. 

Let us recall, that Sobolev space Wp{D), 1 < p < oo, consists of locally summable, 
weakly differentiable functions f : D with the finite norm: 



\\f\Wim\ = \\f\ L,{D)\\ + \\\Vf\\L,{D)l V/ = (^,...,^). 

Lebesgue space Lp{D), 1 < p < oo, is the space of locally summable functions with 
the finite norm: 



||/|L,(D)||= Iffdx , l<p<oo. 



D 



A mapping ip : D ^ MJ^ belongs to class Wp{D), 1 < p < oo, if its coordinate functions 
ipj belong to Wp{D), j = 1, . . . ,n. In this case formal Jacobi matrix Dip{x) = {^{x)), 
i,j = l,...,n, and its Jacobian determinant J{x,ip) = detDip{x) are well defined at 
almost all points x E D. The norm \Dip{x)\ of the matrix Dip{x) is the norm of the 
corresponding linear operator Dip{x) : M" — > M" defined by the matrix Dip{x). We will 
use the same notation for this matrix and for the corresponding linear operator. 

Necessity of studying of differential and topological properties of mappings inverse to 
mappings of Sobolev classes arises in problems of the non-linear elasticity theory [1,2]. 
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In these works J. M. Ball introduced classes of mappings, defined on bounded domains 
D e M": 

At<i{D) Wl{D) : adj e L,(D), J(x, if) > Q a. e. in D}, 

p,q > n, where adj D(f is the formal adjoint matrix to the Jacobi matrix Dip: 

adj Dip{x) ■ Dip{x) = Id J{x, ip). 

Here Id is the identical matrix. 

The global invertibility was proved for ^-mappings. Topological and weak differential 
properties of the inverse mappings were studied. Fine topological and weak differential 
properties of these classes of invertible mappings were studied under assumptions p > 
n — 1, q > p/ip — 1) by Sverak [3] and under less restrictible assumptions p > n — 1, 
q > n/{n — 1) By Muller, Tang and Yan [4]. 

In the frameworks of the inverse function theorem for weakly differentiable mappings 
the following problem seems to be natural: let (p : D ^ D' be a Soholev homeomorphism, 
what is regularity properties of the inverse homeomorphism. 

The regularity problem for invertible Sobolev mappings is closely connected with the 
generalized quasiconformal mappings. Let D and D' be domains in Euclidean space M", 
n > 2. A mapping (p : D ^ D' \s called a mapping with hounded {p,q)- distortion, 
1 < q < p < oo, if ip belongs to Sobolev space Wl^^^^{D) and the local p-distortion 

Kp{x) = inf{A; : \D(p\{x) < k\J{x, (p)\^, x E D} 

belongs to Lebesgue space Lr{D), where l/r = l/q— l/p{ifp = q then r = oo). 

Mappings with bounded {p, g)-distortion have a finite distortion, i. e. D(p{x) = for 
almost all points x that belongs to set Z — {x E D : J{x, (p) — 0}. 

The class of mappings with bounded (p, 5)-distortion is a natural generalization of 
mappings with bounded distortion and represents a non-homeomorphic case of so-called 
(p, g)-quasiconformal mappings introduced in [5,6]. Such classes of mappings have appli- 
cations to Sobolev type embedding problems [7-9]. 

The main result of the first section is the next assertion about global regularity of the 
inverse mapping. 

Theorem A. Let a homeomorphism ip : D ^ D', p{D) = D' of the Sobolev class 
W^_i{D) has Luzin A^-property (the image of a set measure zero is a set measure zero) 
and J{x, 9?) 7^ a. e. in D. Then the inverse homeomorphism (p~^ : D' ^ D belongs 
to the Sobolev space L\{D'), and for every function / e L]^{D) the composition / o ip"'^ 
belongs to L\{D'). 

The next example shows sharpness of the global integrability condition for the inverse 
homeomorphism . 

Example A. For any natural number k consider a family of functions y = x"^^^^, 
—l<x<l. Their derivatives y' — {2k + l)x'^'^ belong to Lebesgue space Lp{—1, 1) 

1 1 2k 

for every p > 1. Inverse functions are x — y^^+i and their derivatives x' — 2FPT2/~^^ 
belong to 1, 1) and does not belongs to Lp(— 1, 1) for any fixed apriory p > 1 and for 
sufficiently large natural number k. 
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The regularity problem of inverse homeomorphisms to Sobolev homeomorphisms was 
studied by many authors. In article [4] was proved: if a mapping ip e W^nioc(-^) ^'^'^ 
J{x, (p) > for almost all points x & D, then (fi~^ belongs to Wi y^^{D'). 

The assumption that J{x, ip) a. e. in D cannot be dropped out. Indeed, consider 
the function g{x) — x + u{x) on the real line, where u is the standard Cantor function. 
Let / = g~^. Then the derivative /' = on the set of positive measure and fails to be 
absolutely continuous. In this case we can prove only that the inverse homeomorphism 
has a finite variation on almost all lines [10]. In work [10] was obtained the following 
result: if a homeomorphism ip : D ^ D' belongs to the Sobolev space L^^D), p > n — 1, 
then the inverse mapping (fi~^ : D' ^ D has a finite variation on almost all lines (belongs 

to BVL(D') 

In work [11] the local regularity of plane homeomorphisms that belong to Sobolev 
space Wi{D) was studied. For the case of space R"^, n > 3, recent work [12] contains the 
following result for domains in R", n > 3: if the norm of the derivative \DLp\ belongs to 
Lorentz space L"'^^'^{D) and a mapping ip : D ^ D' has finite distortion, then the inverse 
mapping belongs to Sobolev space Wl-^^^{D') and has finite distortion. Recall that 

L"-^(L>) C L"-^'^(L>) C Pi ViD). 

p>n— 1 

Note, that results about local regularity of inverse mappings for p = n — 1 were obtained 
independently in [13] without the assumption about A'"-property of Sobolev homeomor- 
phisms. 

In the second part of this article we study the problem of equivalence of Ricmannian 
manifolds under Sobolev homeomorphisms of class W^. This problem goes back to well- 
known Riemann Mapping Theorem, which states existence of a conformal mapping of 
any plane simply connected domain D C R^ with non-empty boundary onto the unit disc 
S C R^. From the other side, for Euclidean spaces R'^, n > 3, by Liouville theorem the 
class of conformal mappings is poor and is equal to Mobius group. Hence, in a natural 
way arises a problem about description of n-dimensional Riemannian manifolds, which are 
images of smooth compact n-dimensional Riemannian manifolds under homeomorphisms 
of Sobolev class W^. A suitable language for this problem is Poncare type inequalities on 
Riemannian manifolds and its geometrical interpretation. The main result of this part of 
the paper is the following: 

Theorem B. Let M be a smooth compact n-dimensional Riemannian manifold, M' 

be a smooth n-dimensional Riemannian manifold. If a homeomorphism ip : M ^ M' 
belongs to Lp{M, M'), p > n, J{x, ip) ^ a. e. in M, then the manifold M' has a finite 
geodesic diameter. 

Recall, that a homeomorphism ip : D ^ D' is called quasiconformal, if local n- 
distortion Kn is uniformly bounded almost everywhere in D. It is known, that first 
weak derivatives of the quasiconformal mapping are locally integrable in degree n + s, 
where e depends on the distortion Kn [14, 15]. The problem of the global integrability of 
first weak derivatives of quasiconformal mappings was studied in [16]. 

We obtain the following assertion about globally integrable in degree p > 2 conformal 
mappings. 
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Theorem C. For any e > does not exist a conformal mapping ip G Ll_^^{B) of the 
unit disc 5 C onto a bounded simply connected domain D cM.^ with infinite geodesic 
diameter. 

The similar result is correct for quasiconformal mappings: for any e > does not exist 
a quasiconformal mapping (p e Ll^_^_^{B) of the unit ball S C onto a bounded domain 
D C with infinite geodesic diameter. 

The suggested method of investigation is based on a relation between Sobolev map- 
pings, composition operators of spaces of Lipschitz functions and a change of variable 
formula for weakly differentiable mappings. 

1. Reguleirity of Sobolev homeomorphisms 

A locally integrable function f : D ^ M. is absolutely continuous on a straight line 
I having non-empty intersection with D if it is absolutely continuous on an arbitrary 
segment of this line which is contained in D. A function f : D ^ M. belongs to the class 
ACL(D) {absolutely continuous on almost all straight lines) if it is absolutely continuous 
on almost all straight lines parallel to any coordinate axis. 

Note that / belongs to Sobolev space L\{D) if and only if / is locally integrable and it 
can be changed by a standard procedure on a set of measure zero (changed to its Lebesgue 
values at any point where the Lebesgue values exist) so , that a modified function belongs 
to ACL{D), and its partial derivatives §^{x), i = 1, . . . ,n, existing almost everywhere, 
are integrable in D. Prom this point we will use modified functions only. Note that 
first weak derivatives of the function / coincide almost everywhere with the usual partial 
derivatives (see, e.g., [17] ). 

A mapping : D — > belongs to the class ACL(D), if its coordinate functions ipj 
belong to ACL(L'), j = l,...,n. 

We will use the notion of approximate differentiabihty. Let ^4 be a subset of IR". 
Density of set A at a point x e is the limit 



lim 



\B{.r.r)nA\ 



r-^o \B{x,r)\ 

Here by symbol 1^41 we denote Lebesgue measure of the set A. 

A linear mapping L : — > is called an approximate differential of a mapping 
(p : D ^ M.^ at point a e if for every e > the density of the set 

— {x & D : \(fi{x) — (fi{a) — L{x — a)\ < e\x — a\} 

at point a is equal to one. 

A point y G M"^ is called an approximate limit of a mapping : D ^ M" at a point x, 
if the density of the set D \ ip~^{W) at this point is equal to zero for every neighborhood 
W of the point y. 

For a mapping we define approximate partial derivatives 

difi, . ipi{x + tcj) - ipi{x) . . 

ap— — (x) = aplim , t,T — l,...,n. 

dxj^ ' ^t-o t 

Approximate differentiable mappings are closely connected with Lipschitz mappings. 
Recall, that a mapping (/? : D — > IR'* is a Lipschitz mapping, if there exists a constant 
K < +00 such that 

\ip{x) - cp{y)\ < K\x - y\ 
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for every points x^y e D. 
The value 



\\(f I Lip(D)|| = sup 

x,yeD \x — y\ 

we call the norm of (p in the space Lip(D). 

The next assertion describes this connection between approximate differentiable map- 
pings and Lipschitz mappings in details [18]. 

Theorem 1. Let (/? : D ^ M** be a measurable mapping. Then the following assertions 
are equivalent: 

1) The mapping ip : D ^ M" is approximate differentiable almost everywhere in D. 

2) The mapping R" has approximate partial derivatives ap|^, i,j — l,...,n 
almost everywhere in D. 

3) There exists a collection of closed sets {A^}^^, Ak C A^+i C D, such that a restriction 
(f\Ak is a Lipschitz mapping on the set Ak and 



k=l 



If a mapping ip : D ^ D' has approximate partial derivatives ap almost everywhere 
in D, i, j = 1, . . . , n, then the formal Jacobi matrix Dip{x) = (ap ^{x)), i, j = 1, . . . ,n, 
and its Jacobian determinant J{x, ip) — detD(p{x) are well defined at almost all points of 
D. The norm \D(p(x)\ of the matrix D(p(x) is the norm of the linear operator determined 
by the matrix in Euclidean space M". 

In the theory of mappings with bounded mean distortion additive set functions play 
a significant role. Let us recall that a nonnegative mapping $ defined on open subsets of 
D is called a finitely quasiadditive set function [19] if 

1) for any point x E D, there exists 5,0 < 6 < dist(x, dD), such that < ^{B{x, 5)) < 

00 (here and in what follows B{x, S) = {y E : \y — x\ < S}); 

2) for any finite collection Ui <ZU G D, i = 1, . . . , k of mutually disjoint open sets the 

k 

following inequahty Yl ^{Ui) < ^{U) takes place. 

i=l 

Obviously, the last inequality can be extended to a countable collection of mutually 
disjoint open sets from D, so a finitely quasiadditive set function is also countable quasi- 
additive. 

If instead of the second condition we suppose that for any finite collection Ui C D, 

1 — 1, . . . , k of mutually disjoint open subsets of D the equality 

k 

1=1 

takes place, then such set function is said to be finitely additive. If the last equality can 
be extended to a countable collection of mutually disjoint open subsets of D, then such 
set function is said to be countable additive. 

A nonnegative mapping $ defined on open subsets of D is called a monotone set 
function [19] if ^{Ui) < ^{1/2) under the condition, that Ui G U2 d D are open sets. 
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Note, that a monotone (countable) additive set function is the (countable) quasiaddi- 
tive set function. 

Let us reformulate an auxiliary result from [19] in a convenient for this study way 

Proposition 1. Let a monotone finitely additive set function $ be defined on open 
subsets of the domain D C R". Then for almost all points x e D the volume derivative 

S^O,BsBx \Bs\ 

is finite and for any open set ^7 C -D, the inequality 



^'{x) dx < $([/) 

u 

is valid. 

A nonnegative finite valued set function $ defined on a collection of measurable subsets 
of an open set D is said to be absolutely continuous if for every number £ > can be found 
a number d > such that ^{A) < e for any measurable sets A G D from the domain of 
definition of $, which satisfies the condition \A\ < S. 

Let be a measurable subset of M", n >2. Define Lebesgue space Lp{E), 1 < p < oo, 
as a Banach space of locally summable functions /:£■—> M equipped with the following 
norm: 

\\f\L,{E)\\=(^J\mx)dx^ \ l<p<oo, 

E 

and 

11/ I Loo(-B)|| = esssup |/(x)|, p = oo. 

A function / belongs to the space Lp^ioc{E), 1 < p < cxo, if / e Lp{F) for every compact 
set F gE. 

For an open subset D C M" define the seminormed Sobolev space Lp{D), 1 < p < oo, 
as a space of locally summable, weakly differentiable functions / : D — > M equipped with 
the following seminorm: 

\\f\LliD)\\^\\Vf\LpiD)\\, l<p<oo, 

and 

11/ I L^{D)\\ = hmsup r^r~\ ■ 

Here V/ is the weak gradient of the function /, i. e. V/ = (^, ^), 



= - I ^rj dx, Vrj e C^{D), 



l,...,n. 



D D 



As usual C^{D) is the space of infinitely smooth functions with a compact support. 

The Sobolev space Wp{D), 1 < p < cxo, is a Banach space of locally summable, weakly 
differentiable functions f : D ^ M., equipped with the following norm: 

11/ I W;^P)II = 11/1^^)11 + 11/ I 
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A function / belongs to the space L^io^(D) (W^p,ioc(-D)), 1 < P < oo, if / e Ll{K) 
(/ e Wp{K)) for every compact subset K C D. 

ol 

The Sobolev space Lp[D) is the closure of the space C^{D) in L^{D). 

A mapping ip : D D' belongs to Lebesgue class Lp{E) if its coordinate functions ipj, 
j — 1, . . . ,n belong to Lp(E). A mapping cp : D ^ D' belongs to Sobolev class Wp{D) 
{Lp{D)) if its coordinate functions (pj, j = 1, . . . ,n, belong to Wp{D) {Lp{D)). 

A mapping ip : D ^ D' generates by the composition rule (p*f — f o (p a bounded 
composition operator 

cp*:Ll{D')^Ll{D), l<g<p<oo, 
if for every function / G L^p{D') the composition f o ip ^ and the inequality 

h*f\Ll{D)\\<K\\f\Ll{D')\\ 

holds. 

Theorem 2. Let a homeomorphism ip : D ^ D' between two domains D,D' <Z 
belongs to Sobolev space Lp{D), 1 < p < +oo. Then there exists a bounded monotone 
countable additive function ^{A') defined on open bounded subsets of D' such that for 

ol 

every function / G L^{A') the inequality 



/ 



|V(/ o dx < $(A')esssup,,^, |V/r(y) 

holds. 

Proof. Let us define $(^4') by the following way [6] 
At first we prove that $ is a bounded function. Let a function / G L^(D'). Then 

y*f I Li(D)\\ = (^j iv(/ 0(^)1^ dxy < {^j \D^)Y\vfY{^{x)) dxy 

D D 




< Q \D^)\^ dxyWf I Ll{D')\\ = 11^ I Llm\ ■ 11/ I LUD') 



D 

Hence, we obtain boundedness of the set function $ as a consequence of boundedness of 

the operator ip* . 

ol 

Let A'^ C A'2 be bounded open subsets of D' . Extending functions of space L^[A'^) by 

ol ol 

zero on the set Ag, we obtain an inclusion L^{A\) C L^i^A^). Obviously 

11/ I C(^'l)ll = 11/ 1^(^2)11 
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ol 



for every / e L^(A[). By the following inequality 



^{A[) = sup 



\v*f\Ll{D)\\ \- 

ol 



V*f\Ll{D)\\ Y 
feLM)^ 11/ I ^ /e^K)^ 11/ I ^ 



sup 



< sup 



\^*f\Ll(D)\ 

ol 



/e4K)M|/l^oo(^'2)|| 



the set function $ is monotone. 

oo 

Let A'^, i e N, be open disjoint subsets at the domain D', Aq — [J A'^. Choose arbitrary 



i=l 



ol 



functions fi G L^{A'^) with following properties 



and 



ol 



N 



while i e N. Here £ e (0, 1) is a fixed number. Letting fifAr = ^ /j we obtain 

i=l 



(^^ o 1 \ ^/P 

1=1 

' • =1 ^ ?=i 



AT 



i=l 



ol ^ 
i=l 



since sets, on which the gradients Vip*fi do not vanish, are disjoint. From the last 
inequality follows that 



$(^0)" > sup 







LliD)\\ 


9n 


ol 

^00 





> 



N 



J2HA[)-e^A',)) . 



i=l 



Here the upper bound is taken over all above-mentioned functions 

ol ^ 
i=l 

Since both N and e are arbitrary, we have finally 

00 O- 



i=l 



i=l 



The validity of the inverse inequahty can be proved in a straightforward manner. 

ol ol 

Indeed, choose functions fi G L^{A'-) such that | L^(74^)|| = 1. 

oo 

Letting g — fi we obtain 

1=1 

(oo I \ ^/p / °° \ - I oo 

E'^(^^)ii/^i^oo(^Dr =[j2^i^^y ^^i^oo(u^O 
i=l ^ ^i=l ^ i=l 

since sets, on which the gradients Vip* fi do not vanish, are disjoint. Prom this inequahty 
follows that 



o 1 / oo \ 

where the upper bound is taken over all functions g e ( U ) ' 
By the definition of the set function $ we have 

\wf\i^\{m'<^{mf\°Lwv 

Since the support of the function f o ip is contained in the set ip^^{A') we have 

I V(/ o dx < $(A')esssup,,^, I V/r(y). 



/ 



Theorem proved. 

We recall some basic facts about p-capacity. Let G C M" be an open set and E G G 
be a compact set. For 1 < p < oo the p-capacity of the ring {E, G) is defined as 

capp(^, G) = inf { / | Vm|p : u G Lj(G) n C^{G), u>lonE}. 
Jg 

Functions u E Lp(G)nCo°(G'), u>l on E, are called admissible functions for ring {E, G). 
We need the following estimate of the p-capacity [20] . 

Lemma 1. Let be a connected closed subset of an open bounded set G C R", n > 2, 
and n — 1 < p < oo. Then 

n«T.«-VF r\ > Jdiam£;)P 
capp [E,G) > c , 

where a constant c depends on n and p only. 

For readers convenience we will prove this fact. 

Proof. Let d be diameter of set E. Without loss of generality we can suggest, that 
d — dist(0, a) for some point a — (0, .., 0, a„). For arbitrary number t, < t < d, denote 
by Pt the hyperplane Xn — t. 

In the subspace a;„ = we consider the unit (n — 2)-dimensional sphere S*"""^ with the 
center at the origin and fix an arbitrary point z e EnPt- For every point y e S^'"^ denote 
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by R{y) the supremum of numbers tq such that z + ry & G while < r < tq. Then for 
every admissible function / e C^{G) the following inequahty 

R{y) R{y) 

\Vf{z + ry)\dr— / {\V f{z + ry)\r~)r p~ dr 



holds. Applying Holder inequality to the right side of the last inequality, we have 

Riy) 

1 < 



p - n + 



{R{y)Y-''^' J \Vf{z + ry)\'^r^-Ur. 





Multiplying both sides of this inequality on {{p — l)/{p — n + 1))^ ^ ■ {R{y)Y ^ and 
integrating by y e 5"""^, we obtain 



p — 1 ^ 
p — n + 1 



< j dy j \Vf{z + ry)\^r''-^dr< J dz. 



Sn-2 

For the lower estimate of the left integral we use again Holder inequality. Denote by 
LJn-2 the n — 2-dimensional area of sphere 5"""^. By simple calculations we get 

n— 1 / /• \ p+l—n 



n-2 



j dy^ < ( J iRiy)r'-' dyj' ( J {Riy))-' dy^ 

5n-2 5"-2 5"-2 

< ((n - l)m„_i(G n P,)r"+' ( / {Riy)T~'~' dy^ 

Sn-2 

Here m„_i(yl) is (n — 1)-Lebesgue measure of the set A. 

Denote by u{t) = m„_i(G fl Pt). Using the last estimate we obtain 

// r) — 1 \ n-v-l P n-p-1 

|V/|- >(^^^^j {n - H^))^. 

After integrating hy t e (0, d) we have 

1- 

G 

By Holder inequality 
dP^ {^j d?j < Q u{t) d?j (^j {uit))"^ d?j 



n-l 



d 

/ {u{t)) -1 dt 



n—l 
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Therefore 



n-1 



G 



Since / is an arbitrary admissible function the required inequahty is proved. 

Let us define a class BVL of mappings with finite variation. A mapping ip : D ^ 
belongs to the class BVL(D) (i.e., has finite variation on almost all straight lines) if it 
has finite variation on almost all straight lines / parallel to any coordinate axis: for any 
finite number of points ti, ...,tk that belongs to such straight line I 

k-l 

\(p{ti+i) - (p{ti)\ < +00. 

i=0 

For a mapping ip with finite variation on almost all straight lines, the partial derivatives 
d(fi/dxj, i, j — 1, . . . ,n, exists almost everywhere in D. 

Theorem 3. [10] Let a homeomorphism ip : D ^ D' belongs to Sobolev space Lp{D), 
p > n — 1. Then the inverse homeomorphism ip~^ : D' ^ D belongs to the class BVL(D'). 

For readers convenience we reproduce here a slightly modified proof of this fact. 

Proof. Take an arbitrary n-dimensional open parallelepiped P such that P C D' 
and its edges are parallel to coordinate axis. Let us show that (p~^ has finite variation on 
almost all intersection of P and straight lines parallel to 

Let Pq be the projection of P on the subspace = 0, and let / be the projection of P 
on the coordinate axis x„. Then P = Pq x I. The monotone countable-additive function 
$ determines a monotone countable additive function of open sets A C Pq hy the rule 
$(A, Po) ^ ^{A X I). For almost all points z e Pq, the quantity 



is finite [21] (here B'"~^{z,r) is the {n — 1) -dimensional ball of radius r > centered at 
the point z). 

The n-dimensional Lebesgue measure ^'(t/) = \(p~^{U)\, where U is an open sen in 
D', is a monotone countable additive function and, therefore, also determines a monotone 
countable additive function ^{A, Pq) — ^{A x I) defined on open sets A C Pq. Hence 
^'{z, Pq) is finite for almost all points z G Pq- 

Choose an arbitrary point z E Pq where ^'{z, Pq) < +00 and "^'{z, Pq) < +00. On 
the section 1^ = {z} x I of the parallelepiped P, take arbitrary mutually disjoint closed 
intervals Ai, with lengths bi, ...,bk respectively. Let Pj denote the open set of points 
for which distances from Aj smaller than a given r > 0: 

Ri = {x eG : dist(a;, Aj) < r}. 

Consider the ring (Aj, Pj). Let r > be selected so that r < c6j for i = 1, . . . , A;, where c 
is a sufficiently small constant. Then the function Ui{x) — dist(x, Aj)/r is an admissible 
for ring (Aj,Pj). 
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By Theorem 2 we have the estimate 

iivp*^,i^;p)r<*(^')iKiC(^')r 

for every function -Uj, i = I, k. 

Hence, for every ring (A,, i?,), i = 1, k, the inequahty 

ce.Pp{<p-\Ai),<p-\Ri)) < ^Ri) cap^(Ai,i?i) 

holds. 

The function Ui{x) — dist(x, Aj)/r is admissible for ring (Aj,i?j) and we have the 
upper estimate 

caPoo(Aj,i?j) < \Wui\ = -. 

r 

Applying the lower bound for the capacity of the ring (Lemma 1), we obtain 

(diamv.^i(A.)r/("-^)A'^^^^^^^^i_l_ 



\(p-^{Ri)\(p-^+^)(^-^) J - ' " r 

This inequality gives 

p — n-\-l 



dia.,-'(A.)..(™)^.(£M) 



Summing over i — 1^ ... we obtain 

h h ^ . p— n+l n— 1 

i=l i=l ^ ^ ^ ^ 

Hence 

Using the Besicovitch type theorem [22] for the estimate of the value of the function 
$ in terms of the multiplicity of a cover, we obtain 



2^diam99 (A,)<C3( 1 

V — 1 \ / 



p— n+l 



p—rL-\-L 

r), Po)| \ r), Po 



1=1 

Hence 

Z^diamc^ (A,)<C3( 1 

1=1 ^ ' 

Because $'(2;, Pq) < +00 and ^'(2;, Pq) < +00 we obtain finally 

k 



j,n—l 



diam (f """(Aj) < +00. 



i=l 
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Therefore ip'^ G BVL(L)'). 
Theorem proved. 

Let us recall the change of variable formula for Lebesgue integral [23]. Let a mapping 
9? : — > M" be such that there exists a collection of closed sets C Afc+i C D 

for which restrictions 99 1^^. are Lipschitz mapping on sets and 



fc=i 



= 0. 



Then there exists a measurable set S C -D, jS*! = such that the mapping (p : D\S ^ 
has Luzin iV-property and the change of variable formula 

j fo<p{x)\J{x,<p)\ dx^ j f{y)Nf{E,y) dy 

holds for every measurable set E G D and every nonnegative Borel measurable function 
/ : — > M. Here Nf{y, E) is the multiphcity function defined as the number of preimages 
of y under / in E. 

If a mapping ip possesses Luzin iV-property (the image of a set of measure zero has 
measure zero), then |99(5')| = and the second integral can be rewritten as the integral on 
R". Note, that if a homeomorphism (p : D ^ D' belongs to the Sobolev space W^]^^{D) 
then (p has Luzin A^-property and the change of variable formula holds [24] . 

If a mapping p : D ^ R" belongs to the Sobolev space W^^^^lD) then by [23] there 
exists a collection of closed sets {Ak}'^, C /Ife+i C D for which restrictions /l^^. are 
Lipschitz mapping on sets A^ and 



= 0. 



k=l 

Hence for such mappings the previous change of variable formula is correct. 
Like in [25] (see also [12]) we define a measurable function 

otherwise. 

Because J(,t, (/?) 7^ almost everywhere and </? has Luzin A^-property, the function 
//(l/) > almost everywhere in D' . 

The following lemma was proved but does not formulated in [12] under an additional 
assumption that \Dp\ belongs to the Lorentz space L"~^'"(Z}). 

Lemma 2. Let a homeomorphism p : D ~> D', p{D) = D' belongs to the Sobolev 
space Lp{D) for some p >n — 1. Then the function jj, is locally integrable in the domain 
D'. 

Proof. Using the change of variable formula for Lebesgue integral [23] and Luzin 
A'"-propcrty of p we have the following equality 

JfJ'{y)dy^ J iJ.{y) dy ^ J \ii{p{x))\J{x,p)\ dx ^ J \adiDp\{x) dx. 

D' D'\ip{S) D\S D 
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Applying Holder inequality, we obtain that for every compact subset F' C D' 
J ii{y) dy< J \ adjDipKx) dx < C J dx, 

F' F F 

where F' = ^p{F). Therefore, belongs to Li^ioc(-D')' since ip belongs to Lp{D), p > n — 1, 
and as consequence (p e L^_^ [^^(D). 

Theorem 4. Suppose that a homeomorphism if : D ^ D', f{D) = D' belongs to 
Sobolev space Wp{D), p >n — 1, has Luzin iV-property (the image of a set measure zero 
is a set measure zero) and J{x, </?) 7^ a. e. in D. Then the inverse homeomorphism 
: D' ^ D has integrable first weak derivatives, is a mapping with bounded (p', 1)- 
distortion ior p' = p/{p — n + 1) and induces a bounded composition operator 

i^-r ■■ Li,{D) L\{D% i^-rif) = / o 

Corollary 1. Suppose a homeomorphism ip : D ^ D' belongs to Sobolev space 
Ll^_i{D), has Luzin A^-property and J{x,ip) 7^ a. e. in D. Then the inverse mapping 
ip~^ : D' ^ D belongs to the Sobolev space L\[D') 

Proof of Corollary 1. By Theorem 4 the operator 

{^-y : Ll{D) L\{D% (cp-rif) ^ f o cp-' 

is bounded. 

Substituting in the inequality 

\\f o \ Ll{D')\\ < K\\f \ LUD)\\ 

coordinate functions Xj, j — 1, ...,n, we conclude, that coordinate functions (pj^ belongs 
to L\{D'). Hence, cp'^ e L\{D'). 

Proof of Theorem 4. Since absolute continuity is the local property, it is sufficient 
to prove that the mapping (f~^ belongs to ACL on every compact subset of D'. Consider 
arbitrary cube Q' G D', Q' 6 with edges parallel to coordinate axes, and Q — (p~^{Q'). 
For i = 1, . . . n we will use a notation: Yi = {xi, Xi-i, Xi+i, x„), 

Fi{x) = . . . , (Pi-l{x), (Pi+l{x), (Pn{x)) 

and Q'^ is the intersection of the cube Q' with a line = const. 

Using the change of variable formula and the Fubini theorem [26] we obtain the fol- 
lowing estimate 

j H^-\dY,) j fx{y) H\dy) = j fx{y) dy = j |adjL'(^|(x) dx < +00. 
FiiQ) Q\ Q' Q 

Hence for almost all Y^ e Fi{Q) 

fi{y) H\dy) < +00. 



Q'i 
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Let apJ(p{x) be an approximate Jacobian of the trace of the mapping (p on the set 
¥'~^{Qi) [26]. Consider a point x & Q in which there exists a non-generated approximate 
differential a,pDf{x) of the mapping cp : D ^ D'. Let L : — > R" be a hnear mapping 
induced by this approximate differential a,pDf(x). We denote by the symbol P the image 
of the unit cube Qq under the linear mapping L and by Pj the intersection of P with the 
image of the line Xi = 0. Let di be a length of P,. Then 

di ■ I adjP)Pj|(x) = iQol = \ Jix,(p)\. 

So, since di = ap Jip{x) we obtain that for almost all x G Q\Z, Z = {x G D : J{x, ip) = 0}, 
we have 

"P^^^^^-|adjDP.|(x)- 

Let D he a subset of D such that the differential Dip is well defined at all points of the 
set D. Since \D\D\ = 0, we can assume, without loss of generality, that D\D = S, where 
S is the set from the change of variable formula. By the Luzin A^-property |<^(<S')| = 0. 

Now, since |93(>S')| — and the function is equal zero on the set (p{S) we have for 
arbitrary compact set A' C Q\, and for almost all Yj, C Fi{Q), the following inequahty 

j ii{y) H\dy) = j M H\dy) + j pi{y) H\dy) = j M H\dy) < +oo. 

A'\ip{S) A'\(p{S) A'nip{S) A' 

By construction of [i: 

r |adjP>y|(x) \Jix,if)\ ^u^, f \Jix,'p)\ u . 

J \J{x,ip)\ ladji^P.Kx)'' ^^^^ j ^^^^^^Madji^P.I(x)'' ^^^^ 

+ / /^(^(^))- |ad^Di?;|(L) ^'(^^^^ / y^ivi^))^vMx)H\dx). 

The last equality holds because ii{ip>{x)) = on the set S. 

By using the change of variable formula for the Lebesgue integral [26, 27] we obtain 



H\r\A')) < J M H\dy). 



Therefore, the mapping ip~'^ is absolutely continuous on almost all hues in D'and is a 
weakly differentiable mapping. 

Since the homcomorphism ip has Luzin A^-property then preimage of a set positive 
measure is a set positive measure. Hence, the volume derivative of the inverse mapping 



\v-\B{y. r))\ 
r^h \B{y,r) 



j,-.(t/) = iim j^,^;:^^j;/^' >o 
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almost everywhere in D' . So J{y, ^) 7^ for almost all points y E D. Integrability of 
the p'-distortion follows from the inequality 

\Dip-'\{y)<\D^{x)r-y\J{x,^)\ 

which holds for almost all points y = (p{x) E D' . 

Indeed, with the help of the change of variable formula, we have 



D> D' 

D D 

The boundedness of the composition operator follows from integrability of the p'- 
distortion [6]. 

If p = n — 1 we have the following estimate 



00. 



J \D^-\y)\dy< J \D^-\^{x))\\J{x,^)\dx< J iD^ix)^-' dx < + 

D' D D 

Hence ip'^ E Ll{D'). 
Theorem proved. 

For higher integrability of the inverse mapping we need some additional assumptions. 
Let us recall that a homeomorphism (/? between domains D and D' is said to be {p, q)- 
quasiconformal mapping [6] if one of the following equivalent assertions is fulfilled: 

1) the mapping if belongs to W^i^^{D) and the value 

K,,,{D) ^ \\K,{.) \ L,{D)\\ 

is finite, where Kp{x) = inf{/c : \Dip\[x) < k\J{x, (p)\p , x E D}. Here number n is defined 
from the relation 1/k — 1/q — 1/p. 

2) the mapping (p induces a bounded embedding operator of Sobolev spaces 

if* : LliD') ^ LliD), l<q<p<oo, 
by the rule (p*{u) — uo (p. Moreover, the norm of the operator is equivalent to the value 

Theorem 5. Let </? : D — > D' be a (p, g')-quasiconformal homeomorphism, n — 1 < 
q < p < 00, (p has Luzin A'"-property and J{x, (/?) 7^ a. e. in D while q — n — 1. 
Then the inverse mapping <p~^ : D' ^ D is the (g',p')-quasiconformal homeomorphism, 

p' = p/ {p — n + 1), q' = q/ {q — n + 1). 

Proof. In the case oo>p>q>n— 1 the theorem was proved in [6]. Let q = n — 1, 
then q' = 00. Because J{x, (p) ^ a. e. in D and homeomorphism ip has Luzin N- 
property we can conclude that J{y, (p^^) 7^ for almost all y e D'. Then by the change 
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of variable formula 

J \D^-Y{y) dy= I \D^-Y{y) dy = J \D^-Y {v>{x))\J{x,^)\ dx 

D' D'\^(S) D 

D D 

since (f is the (p, n — l)-quasiconformal homeomorphism and has Luzin A'"-property. Hence 
cp'^ : D' ^ D belongs to the Sobolev space L^{D) and generates the bounded composition 
operator 

if* : Ll{D) ^ L],{D'). 

Therefore the inverse mapping ip~'^ is a (oo,p')-quasiconformal homeomorphism. 

For p = oo > g all conditions of Theorem 4 are fulfilled: the homeomorphism Lp belongs 
to Lg{D), has Luzin A^-propcrty and J{x, (f) ^ a,, e. in D. Therefore by Theorem 4 the 
inverse mapping (p"'^ : D' — > is the {q', l)-quasiconformal homeomorphism. 

li p — q = oo, then the mapping ip generates the bounded composition operator 

^* : Ll{D') Ll{D). 

Hence, substituting coordinate functions fi = yi, i = 1, ...,n, we obtain that the mapping 
(p e L]^{D) and is differentiable almost everywhere in D. Therefore at almost all points 
y — (p{x) e D' and at almost all points xeD\Z,Z — {xeD: J{x, (p) — 0}, we have 

\D<p-'\{y) < ^^f'V = W-'i^) ■ \J{y,v-')\ < \\<P I Ll{D)\\ . \J{y,ip-% 
\J{x,ip)\ 

and ip~^ is (1, l)-quasiconformal homeomorphism. 

From Theorem 5 immediately follows that under conditions of this theorem forp > n—1 
the following fact is correct. 

Corollary 2. Let a homeomorphism (p : D ^ D' , </? e l^n-i,ioc(-^)' Luzin A^- 
property, J(x, (^) 7^ a. e. in L>, and 

n-l 

D 

Then the inverse mapping c/?""^ : D' ^ D belongs to L^,{D'). 



2. About existence of Sobolev mappings 

Let M be a n-dimensional Riemannian manifold and a; be a differential /c-form defined 
on M. 

Recall the notion of the weak exterior differential of the differential form uj. We denote 

by C^(M,A^) the vector space of smooth differential forms of degree k with compact 
support on M and by L\^^{M.,A!^) the space of differential /c-forms whose coefficients (in 
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any local coordinate system) are locally integrable. We say that a form 9 G L\^^^{M., K^) 
is the weak exterior differential of the differential form u e L\^^{M., k'^^^) if for each 
e Co°°(M,A"-'=) 

' eA^= {-if IcuAdcf). 



I' 



M M 

We denote the weak exterior differential of the form cu by dcu. Remember that the weak 
exterior differential of a function / is a 1-form df. This notion of weakly differentiable 
functions coincides with the standard definition for Euclidean domains. 

Define Sobolev space Lp{M), 1 < p < oo, as a space of locally integrable functions 
/ : M — > M which have a weak exterior differential df and the finite seminorm: 

\\f \ Ll{M)\\ ^ \\\df\ \ L,{M)\\. 

Let M and M' be n-dimensional Riemannian manifolds. We say, that a mapping 
(fi : M ^ M' belongs to the Sobolev class L^{M,M'), if for every Lipschitz function 
/ : M' — > IR the composition f o tp belongs to the Sobolev class Lp(M). 

The norm of the differential \Dip\ is defined: 

\D(p\[x) = sup 



/6Lip(M') ||/|Lip(M')|| 

Note, that in the case M = M' = M" this definition is equivalent to the standard 
definition of the weak differential for mappings of Euclidean domains. Therefore results of 
the previous section are correct for the Sobolev homeomorphisms defined on Riemannian 
manifolds. 

In this section we study existence conditions for Sobolev homeomorphisms of a smooth 
compact n-dimcnsional Riemannian manifold M onto a Riemannian manifold M' in terms 
of Poincare type inequalities existence on M'. For this purpose we will use the following 
'"transfer"' diagram for Poincare inequalities (see, [7-9]): 



LUM') ^ Ll{M) 
i i 
L^{M') ^CT L^{M) 

Here the operator (p* defined by the composition rule (p*f — fo(p is a bounded composition 
operator of Sobolev spaces induced by a homeomorphism (p of manifolds M and M'. 

Theorem 6. Let M be a smooth compact Riemannian n-dimensional manifold, M' 
be a Riemannian n-dimensional manifold. Suppose that a homeomorphism (p : M ^ M' 
belongs to Lp{M, M'), for some p > n, and J{x, Lp) ^ a. e. in M. Then every function 
/ e L^(M') is a continuous function on M' and the following inequality 

inf||/-c|MM')||<X||/|L^(M')|| (1) 

holds. 

Here constant K > depends only on a mapping ip and a manifold M. 



18 



Proof. Choose arbitrarily / e L^(M'). By the definition of the class L^{M,M') a 
composition f o (p belongs to Sobolev space L^{M). Since M is a smooth compact Rie- 
mannian n-dimensional manifold, then for the space L^{M) the Poincare type inequality 

inf \\fo^-c I L^{M)\\ < K'Wf o ^ \ Ll{M)\\ 



is fuUfiled and by the classical embedding theorem f o ip e C{M). 
Since (p"^ is a homeomorphism then f — o ip) o ip"'^ e C{M') and 

||/-c|Loo(M')|| = ||/o(^-c|Loo(M)|| 

for every c e R. 

Prom the other side, since J{x, </?) 7^ a. e. in M, we have that 

ii/o^iLj(M)ii= (^y ivfo^i^dxy <(^j \vfn<p{x))\D<p\p dxy 

M M 

<\\\VfMx))\L^{M)\\(^J iD^l^dxy = \\\Vf\\L^{M')\\y \D^f dx 



M M 



Therefore 



inf 11/ - c I L^{M')\\ < K'W^ I LJ(M)||||/ | L^(M')||. 



Theorem proved. 

Example 1. Does not exists a homeomorphism 9? e Lp{B,Di), J{x,(p) 7^ a. e. in 
B, of the unit ball B eM.^ onto the domain 

Di = {{x, y) e M."^ : 1 < X < 00,0 < y < 1} 

for any p > n. 

Proof. Consider the function f{x,y) = -^{x + y), defined on the domain Di. Then 
|V/| — 1 and ||V/ | Loo(-C>i)|| = 1. Prom the other side, f{x,y) ^ 00, as x — > 00. Hence 
for the function /(x, y) the inequality (1) doesn't holds and by Theorem 6 for any p > n 
a homeomorphism ip e Lp{B,Di) can not exists. 

In the case p — n we have following simple necessary condition for existence of a 
homeomorphisms ip of the class W^. 

Lemma 3. Let M be a smooth compact Riemannian n-dimensional manifold, M' be 
a Riemannian n-dimensional manifold, and a homeomorphism (p : M ^ M' belongs to 
Ll^{M, M'). Then the manifold M' has finite measure. 

Proof. By change of variable formula for Sobolev mappings (see, for example, [28]) 
and Holder inequality we have 

|M'|= j\J{xM\dx< j(^{^fydx<Cy\Ll{M,M')\\. 



M M 
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In the next example we construct a finite measure domain Da which doesn't allows a 
homeomorphism of class Lp{B, Da), p > n oi the unit ball B e RT' onto Da- 

Example 2. Does not exists a homeomorphism (p e L^{B,Da), J{x,ip) 7^ a. e. in 
B, of the unit ball S e onto the domain 

Da = {{x,y) eR'^ -.Kx <oo,0<y < 1/a;", a > 1}. 

for any p > n. 

Proof. Let us remark that \Da\ < 00 because a > 1 and 



00 




Consider the function f{x, y) = -^{x + y), defined on the domain Da- Then | V/| = 1 
and ||V/ I Loo(-Dq)|| — 1- Prom the other side, f{x,y) ^ 00, as x — > 00. Hence for 
the function f{x,y) the inequality (1) doesn't holds and by Theorem 6 for any p > n a 
homeomorphism (f e Lp{B, Da) can not exists. 

Theorem 7. Let M be a smooth compact Riemannian n-dimensional manifold, M' 
be a Riemannian n-dimensional manifold, and a homeomorphism (p : M ^ M' belongs 
to Lp(M, M'), p> n, J{x, (/?) 7^ a. e. in M. Then the manifold M' has a finite geodesic 
diameter. 

Proof. Let Xq be an arbitrary fixed point at the manifold M' . Consider the function 
f{x) — dL\siM'{xo-iX). Here distM'(2^, ?/) is the intrinsic geodesic distance. Then |V/| = 1 
almost everywhere on M' and / belongs to L^(M'). By Theorem 6 the function / belongs 
to the Lebesgue space L^{M') and we have the following estimate: 

ess sup distM'(2;o, 3:) = ||/ | L^(M')\\ < +00. 
xeM' 

Example 3. Bounded domain with finite measure and with infinite geodesic diameter. 
Consider the plane domain R — {{x,y) e : 1 < + < 4}. Fix a number 
< r < 1/4 and for natural number n, n — 1, 2, consider circles: 

= [i^,y) eR':x' + y'^ + ^)'' ^ < ^ 

and 

SL+i = {(^,2/) eR':x' + y' = {l + ^^)\ x > r - l|. 

Let 

Then for every e > there no exists a conformal homeomorphism (p of unit disc B onto 
domain D of the class L2_^^{B). 

Proof. It is clear that this domain D has a infinite geodesic diameter and finite 
measure. 
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We obtain the following assertion about globally integrable in degree p > 2 conformal 
mappings as a direct corollary of Theorem 7. 

Theorem C. For any e > docs not exist a conformal mapping (p G L2_^_^{B) of the 
unit disc i? C onto a bounded simply connected domain D C with infinite geodesic 
diameter. 

Remark 1. Remind that by Riemann mapping Theorem there exists a conformal 
homeomorphism : S — > D but this conformal homeomorphism can not belong to the 
class Ll_^_^{B) for any £ > 0. 

The similar result is correct for quasiconformal mappings: for any s > does not exist 
a quasiconformal mapping (p e Ll^_^^{B) of the unit ball S C onto a bounded domain 
D C with infinite geodesic diameter. 

We are pleasure to thank Professor Jan Maly for helpful discussions. 
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